














Keiichi Watanabe (Niigata University, Japan)
Abstract
Let $\mathcal{M}$ be a von Neumann algebra, and $G$ be a locally compact
abehan ordered group with its positive semigroup $G_{+}$ . Suppose $\alpha$ is
a continuous action of $G$ on M. Let $\mathcal{M}^{\alpha}(E)$ be the spectral subspace
associated to a closed subsemigroup $E$ of $\hat{G}$ . Then we show that
the second crossed product $(\mathcal{M}^{a}(E)\aleph_{\alpha}G_{+})$ xa $\hat{G}$ is isomorphic to
the tensor product $\mathcal{M}^{\alpha}(E)\otimes-LT(L^{2}(G))$ of $\mathcal{M}^{\alpha}(E)$ and the lower
triangular operator algebra on $L^{2}(G)$ .
$\mathcal{M}$ Hilbert $\mathcal{H}$ von Neumann , $G$
, $\alpha$ , , $\alpha$ $G$ $\mathcal{M}$ $*-$
, $x\in \mathcal{M},$ $\varphi\in \mathcal{M}_{*}$ $\text{ },$ $g\vdasharrow\varphi(\alpha_{g}(x))$ .
$\mathcal{M}_{*}$ $\mathcal{M}$ $\sigma$- . $\mathcal{M}$ $G$ $\alpha$
$\mathcal{M}\aleph_{\alpha}G$ Hilbert $L^{2}(G, \mathcal{H})$
$\pi_{\alpha}(x),x\in \mathcal{M}$ $\lambda(g),$ $g\in G$
von Neumann . ,
$(\pi_{\alpha}(x)\xi)(h)=\alpha_{-h}(x)\xi(h)$ , $\xi\in L^{2}(G, \mathcal{H})$ , $h\in G$
$(\lambda(g)\xi)(h)=\xi(h-g)$ , $\xi\in L^{2}(G,\mathcal{H})$ , $h\in G$
. $G$ $\hat{G}$ , $g\in G$ $\gamma\in\hat{G}$
, $\gamma$ $g$ $\langle g, \gamma\rangle$ . $\hat{G}$ $\mathcal{M}\aleph_{\alpha}G$ $\hat{\alpha}$
;
$\hat{\alpha}_{\gamma}(X)=\mu(\gamma)X\mu(\gamma)^{*}$ , $X\in \mathcal{M}n_{\alpha}G’$’ $\gamma\in\hat{G}$ .
$\mu(\gamma),$ $\gamma\in\hat{G}$ $L^{2}(G,\mathcal{H})$ ,
$(\mu(\gamma)\xi)(h)=\overline{\langle h,\gamma\rangle}\xi(h)$, $\xi\in L^{2}(G,\mathcal{H}),$ $h\in G$
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. Arveson
. $f\in L^{1}(G)$ , Fourier $\hat{f}$ ;
$\hat{f}(\gamma)=\int_{G}\overline{\langle g,\gamma\rangle}f(g)dg$, $\gamma\in\hat{G}$ .
$f\in L^{1}(G)$ $x\in \mathcal{M}$ , $\alpha_{f}(x)\in \mathcal{M}$ –
;
$\varphi(\alpha_{f}(x))=\int_{G}\varphi(\alpha_{g}(x))f(g)dg$, $\varphi\in \mathcal{M}_{*}$ .
$x\in \mathcal{M}$ , Arveson $Sp_{\alpha}(x)$ ;
$Sp$ $(x)=\cap\{Z(f);f\in L^{1}(G), \alpha_{f}(x)=0\}$ .
$Z(f)=\{\gamma\in\hat{G};\hat{f}(\gamma)=0\}$ . $\hat{G}$ $E$ ,
$\mathcal{M}^{\alpha}(E)$ ;
$\mathcal{M}^{\alpha}(E)=\{x\in \mathcal{M};Sp_{a}(x)\subset E\}$ .
, [A] [S] . , $G$
$G_{+}$ . , $G$
$G_{+}$ ;
1. $G_{+}+G_{+}\subset G_{+}$ ,
2. $G_{+}\cap(-G_{+})=\{0\}$ ,
3. $G_{+}\cup(-G_{+}).=G$
4. $G_{+}=\overline{int(G_{+})}$ (i.e., $G_{+}$ ).
$\pi_{\alpha}(x),$ $x\in \mathcal{M}^{\alpha}(E)$ $\lambda(g),$ $g\in G_{+}$ \mbox{\boldmath $\sigma$}-
$\mathcal{M}^{\alpha}(E)\mathrm{n}_{\alpha}G_{+}$ . , $\pi_{\ }(X),$ $X\in \mathcal{M}^{\alpha}(E)\nu_{\alpha}G_{+}$ $\lambda(\gamma),$ $\gamma\in\hat{G}$
$\sigma$- $(\mathcal{M}^{\alpha}(E)\aleph_{\alpha}G_{+})\aleph_{\delta}\hat{G}$ .
. $G$ $G_{+}$ , $\mathcal{M}$ von
Neumann . $\alpha$ $G$ $\mathcal{M}$ , $\hat{G}$





$(\mathcal{M}, G, \alpha)$ , $G$ $\mathcal{H}$
$V$ $\alpha_{g}=Ad(V_{g})$ .
$L^{2}(G,?t)$ $U$ ;
$(U\xi)(g)=V_{g}\xi(g)$ , $\xi\in L^{2}(G, \mathcal{H})$ .
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, $L^{2}(\hat{G}, L^{2}(G, \mathcal{H}))$ $U’$ ;
$(U’f)(\gamma)=\mu(\gamma)f(\gamma)$ , $f\in L^{2}(\hat{G}, L^{2}(G, \mathcal{H}))$ .
, ;
$Ad(U)(\pi_{a}(x))=x\otimes 1$ , $x\in \mathcal{M}$
$Ad(U)(\lambda(g))=V_{g}\otimes\lambda_{g}$ , $g\in G$
$Ad(U’)(\pi_{\hat{a}}(X))=X\otimes 1$ , $X\in \mathcal{M}\aleph_{\alpha}G$
$Ad(U’)(\lambda(\gamma))=\mu(\gamma)\otimes\lambda_{\gamma}$, $\gamma\in\hat{G}$ .
, $\lambda_{g}$ $\mu_{\gamma}$ $L^{2}(G)$
$(\lambda_{g}\xi)(h)=\xi(h.-g)$ , $\xi\in L^{2}(G)$ , $h\in G$
$(\mu_{\gamma}\xi)(h)=\overline{\langle h,\gamma\rangle}\xi(h)$ , $\xi\in L^{2}(G)$ , $h\in G$ .
1. $(\mathcal{M}^{\alpha}(E)\aleph_{\alpha}G_{+})\rangle \mathrm{t}_{\hat{\alpha}}\hat{G}$ , $\mathcal{H}\otimes L^{2}(G)\otimes L^{2}(\hat{G})$
$\{x\otimes 1\otimes 1, V_{g}\otimes\lambda_{g}\otimes 1,1\otimes\mu_{\gamma}\otimes\lambda_{\gamma};x\in \mathcal{M}^{a}(E),g\in G_{+}, \gamma\in\hat{G}\}$.
$\sigma$- $\mathfrak{U}_{1}$ .
. $(\mathcal{M}^{\alpha}(E)\aleph_{\alpha}G_{+})x_{\delta}\hat{G}$ , $Ad(U’)$ , $\mathcal{H}\otimes L^{2}(G)\otimes L^{2}(\hat{G})$
$\{X\otimes 1,1\otimes\mu_{\gamma}\otimes\lambda_{\gamma};X\in \mathcal{M}^{\alpha}(E)\mathrm{r}_{\alpha}G_{+}, \gamma\in\hat{G}\}$.
$\sigma$- % . , $\mathfrak{U}_{0}$ , $Ad(U\otimes 1)$
, $\mathfrak{U}_{1}$ . 1
$L^{2}(\hat{G})$ $L^{2}(G)$ Fourier-Plancherel $F$ . ,
;
$F\lambda_{\gamma}\mathcal{F}^{*}.=\mu_{\gamma}$ , $\gamma\in\hat{G}$
$\mathcal{F}\mu_{g}\mathcal{F}^{*}=\lambda_{\mathit{9}^{*}}$ , $g\in G$ .
2. $\mathfrak{U}_{1}$ , $Ad(1\otimes 1\otimes \mathcal{F}^{*})$ , $\mathcal{H}\otimes L^{2}(G)\otimes L^{2}(G)$
$\{x\otimes 1\otimes 1, V_{g}\otimes\lambda_{g}\otimes 1,1\otimes\mu_{\gamma}\otimes\mu_{\gamma};x\in \mathcal{M}^{\alpha}(E),g\in G_{+}, \gamma\in\hat{G}\}$ .
$\sigma$- $\mathfrak{U}_{2}$ .
$L^{2}(G\cross G)$ $W$ ;
$(W\xi)(g, h)=\xi(g+h, h)$ , $\xi\in L^{2}(G\cross G)$ .
, .
$W^{n}(\lambda_{g}\otimes 1)W=\lambda_{g}\otimes 1$ , $g\in G$
$W^{*}(\mu_{\gamma}\otimes\mu_{\gamma})W=\mu_{\gamma}\otimes 1$ , $\gamma\in\hat{G}$ .
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3. $\mathfrak{U}_{2}$ , $Ad(1\otimes W^{*})$ , $\mathcal{H}\otimes L^{2}(G)\otimes L^{2}(G)$ \mbox{\boldmath $\sigma$}-
$\mathfrak{U}_{3}\overline{\otimes}\mathbb{C}1$ , $\mathfrak{U}_{3}$ $\mathcal{H}\otimes L^{2}(G)$
$\{x\otimes 1, V_{g}\otimes\lambda_{g}, 1\otimes\mu_{\gamma};x\in \mathcal{M}^{\alpha}(E),g\in G_{+}, \gamma\in\hat{G}\}$.
\mbox{\boldmath $\sigma$}- .
4. $U^{*}(\mathcal{M}^{\alpha}(E)\overline{\otimes}L^{\infty}(G))U=\mathcal{M}^{\alpha}(E)\overline{\otimes}L^{\infty}(G)$ .
. $U^{*}(\mathcal{M}\overline{\otimes}L^{\infty}(G))U=\mathcal{M}\overline{\otimes}L^{\infty}(G)$ . $G$
$\mathcal{M}\overline{\otimes}L^{\infty}(G)$ $\beta$ , $\sqrt \mathit{9}=\alpha_{g}\otimes id$ . ,
, $(\mathcal{M}\overline{\otimes}L^{\infty}(G))^{\beta}(E)=\mathcal{M}^{\alpha}(E)\overline{\otimes}L^{\infty}(G)$ . $x\in \mathcal{M},$ $\xi\in L^{2}(G, \mathcal{H})$
$h\in G$ ,




$\beta_{g}(U(x\otimes 1)U^{*})=U(\alpha_{g}(x)\otimes 1)U^{*},$ $g\in G.$ , $f\in L^{1}(G)$
, $\beta_{f}(U(x\otimes 1)U^{*})=0$ $\alpha_{f}(x)=0$
. $Sp\rho(U(x\otimes 1)U^{*})=Sp_{\alpha}(x)$ . $U^{*}(\mathcal{M}^{\alpha}(E)\overline{\otimes}L^{\infty}(G))U\supset$
$\mathcal{M}^{\alpha}(E)\overline{\otimes}L^{\infty}(G)$ . . $\iota$
$\mathrm{T}$ $\{z\in \mathbb{C};|z|=1\}$ . $\mathrm{T}$ $B(\ell^{2}(\mathbb{Z}))$ $\alpha$
; $\alpha_{\gamma}=Ad(\mu_{\gamma}),$ $\gamma\in \mathrm{T}$ .
5. $T\in B(\ell^{2}(\mathbb{Z}))$ , ;
1. $(T\xi_{k}|\xi_{j})=0$ , $j<k$
2. $T$
$\{\lambda_{n}, \mu_{\gamma};n\in \mathbb{Z}_{+}, \gamma\in \mathrm{T}\}$
$\sigma$- $\mathfrak{U}$
3. $T$ $B(\ell^{2}(\mathbb{Z}))^{\alpha}(\mathbb{Z}_{+})$ .
, $G$
. , , .
. $G$ $G_{+}$ . $\hat{G}$
$B(L^{2}(G))$ $\alpha$ ; $\alpha_{\gamma}=Ad(\mu_{\gamma}),\gamma\in\hat{G}$ .
$L^{2}(G)$ $T$ , $T$





. $U^{*}\mathfrak{U}_{3}U$ $\mathcal{H}\otimes L^{2}(G)$
$U^{*}\{x\otimes 1,1\otimes\mu_{\gamma};x\in \mathcal{M}^{\alpha}(E), \gamma\in\hat{G}\}U$ $U^{*}\{V_{g}\otimes\lambda_{\mathit{9}};g\in G_{+}\}U$.
$\sigma$- . $\{\mu_{\gamma};\gamma\in\hat{G}\}$ $L^{\infty}(G)$
, $U^{*}\mathfrak{U}_{3}U$
$U^{*}(\mathcal{M}^{\alpha}(E)\overline{\otimes}L^{\infty}(G))U$ $U^{*}\{V_{g}\otimes\lambda_{g};g\in G_{+}\}U$.
. 4 , $U^{*}\mathfrak{U}_{3}U$
$\mathcal{M}^{\alpha}(E)\overline{\otimes}L^{\infty}(G)$ $\{1\otimes\lambda_{g};g\in G_{+}\}$ ,
, $\mathcal{M}^{\alpha}(E)\overline{\otimes}LT(L^{2}(G))$ . 1
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